Abstract-A method is described for the optimized design of quantum-well (QW) structures, in respect to maximizing the stimulated gain in optically pumped intersubband lasers. It relies on applying supersymmetric quantum mechanics (SUSYQM) to an initial Hamiltonian, in order to both map one bound state below the spectral range of the initial Hamiltonian, and to generate a parameter-controlled family of isospectral Hamiltonians with the desired energy spectrum. By varying the control parameter, one changes the potential shape and, thus, the values of dipole matrix elements and electron-phonon scattering matrix elements. The use of this procedure is demonstrated by designing smoothly graded and stepwise-constant Al Ga 1 As ternary alloy QWs, with the self-consistent potential taken into account. Finally, the possibility of employing layer interdiffusion to get optimal smooth potentials is discussed.
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I. INTRODUCTION

S
INCE the first proposal of the unipolar semiconductor laser, based on intersubband transitions in quantum wells (QWs) by Kazarinov and Suris in 1971 [1] , there has been considerable research effort in this area. This was particularly boosted by the development of molecular beam epitaxy (MBE), which made possible the realization of appropriate structures. Various operating schemes for unipolar lasers have been proposed, and some of them realized, the most important of which is the quantum cascade laser (QCL), demonstrated by Faist et al. [2] , and realized in the AlInAs-GaInAs alloy system. It is current pumped, and covers the mid-infrared range 4-11 m [3] , [4] . The QCL has recently been realized in the GaAs-AlGaAs alloy, as well [5] . Furthermore, QW lasers comprising InAsSb-InAsSbP superlattices have been made, covering the 3-5 -m range [6] . Toward the short wavelength range, AlAsSb-InAs based QWLs have been made that take advantage of a large band offset in this system and emit down to 1.9 m [7] . Lasers based on transitions between the valence subbands, taking advantage of the in-plane effective mass inversion, have been proposed, though not yet realized [8] , [9] .
In the range of longer wavelengths, the optically pumped intersubband lasers may offer some advantages over the electrically pumped ones, notably the high selectivity of excitation of the relevant states, and freedom from losses due to electron migration toward electrical contacts. In this class, the GaAs-AlGaAs multiple QW (MQW) structures have been considered for far-infrared applications [10] , and the asymmetric coupled QWs for the mid-infrared range [11] . Among the optically pumped lasers, we may mention the proposal of tunable (8-12 m) lasers based on electronic Raman scattering in GaAs-AlGaAs QWs [12] , [13] . Among the most important issues in the design of intersubband lasers is the maximization of gain. This may be accomplished via careful tailoring of the QW profile. In the first attempt to maximize the gain of optically pumped QW laser [14] the profile of an asymmetric step QW was varied so as to maximize the square of the dipole matrix elements relevant for the optical pump and for the lasing transition. Gain may be also increased by increasing the carrier density [15] . However, this route leads to an increased equilibrium population of the lower laser state, therefore demanding strong optical pumping to reach threshold. To some extent, this problem may be overcome by optimizing the asymmetric coupled QWs (ACQW), and by increasing the spacing between the ground state and lower laser state, though this drives the electron-phonon relaxation process away from resonance [16] . In further, more advanced design considerations, the influence of interface and confined phonons on electron relaxation times, as well as on carrier heating, for a range of optical pump powers, has also been included [17] , [18] . Finally, we note that the optimization of the gain/loss ratio was also considered [19] , [20] .
Aside from the optical transition matrix elements, for obtaining large inversion (and, hence, gain) it is essential to have fast relaxation of the lower laser level. This proceeds mostly via optical phonons and, to a smaller exten,t via the acoustic phonons. The scattering rate depends on both the levels spacing and the wavefunctions. Furthermore, the spacing between the laser upper and ground states has to be matched to the pump laser wavelength, and this transition has to be allowed, just as is the lasing transition; hence, the structure must be asymmetric, in that the QWs must not be of the same thickness (this applies for a three-level system, as discussed in more detail in Section II-A).
In this paper, we discuss a systematic procedure for optimization the QW profile with respect to maximizing the gain, where the gain dependence not only on the dipole matrix elements, but also on the levels relaxation rates, is accounted for. The procedure relies on supersymmetric quantum mechanics (SUSYQM) [21] , [22] . This formalism enables one to manipulate the states of a quantum system (deletion and/or insertion of a state, while leaving others intact) by changing the potential and, at the same time, it introduces one or more free pa-0018-9197/01$10.00 © 2001 IEEE rameters via which the potential shape may be further varied isospectrally, that is, preserving the states energies ("parameter controlled family of isospectral potentials"). Variation of the potential does affect the wavefunctions, however, in contrast to energies and, therefore, the values of matrix elements involving these states, and eventually the physical property of interest. It remains, therefore, to scan the value of the target function in the space of free parameter(s) and spot the value(s) giving the optimal potential. The resulting optimized potential we derive is realizable by continuous grading of the Al Ga
As alloy, either directly or by using the layer interdiffusion method, starting with a relatively simple stepwise-constant structure with just a few layers. Alternatively, the optimized potential may be discretized, corresponding to a step-graded structure with some reasonable number of layers.
II. THEORETICAL CONSIDERATIONS
A. Stimulated Gain
Consider a three-level intersubband laser, with levels 2 and 3 being the lower and upper laser states, and level 1 the ground state. The modal gain for the stimulated emission is given by [15] (1) where is the lasing transition cross section, and is the population inversion (per unit well surface) between states 3 and 2. It has been a rather common practice in the literature to state the values of gain , where is the "effective" width of the QW structure, but this may lead to incorrect conclusions when comparing different structures, as discussed, e.g., in [23] . What really matters is the modal gain, and this is the quantity we consider.
Assuming the transition lifetimes between the relevant states known, one may use the rate equations for the three-level system to find the population inversion and the gain. These equations read: (2) where , , and (or ), in cm units, is the actual (or equilibrium) electron density in th state. Furthermore, (kW/cm ) and are the pump laser intensity and photon energy (e.g., meV for the CO laser pump), is the pump absorption cross section, and is the Kronecker delta symbol. Assuming the conservation of the total number of electrons, in the stationary case ( ), the system (2) may be solved to find the electron densities in the three states.
For pump powers that are not excessively large, one can set , and get , where is the carriers lifetime in the third subband. This approximation is fully justified in real systems. The simplified expression for gain then reads [15] ( 3) in which the first term is always (under normal circumstances) dominant over the second one, which accounts for the thermally equilibrium population of the lower laser state. One can now proceed to optimize the gain as given by (3), but the resulting design would then be specific to the operating temperature and the Fermi level (i.e., the carriers density) chosen. To obtain more generally applicable results, and in view of the fact that the first term in (3) is much more important than the second one, in this work we choose to optimize only the first term. The quantities in it depend on the QW profile (the transition lifetimes are only weakly dependent on the pump intensity [17] , so this may be neglected), and do not depend on and . Only later, when checking the gain in the final design, will we use the exact expression (1) .
Taking the refractive index (for the phase velocity) in the GaAs-AlGaAs alloy to be [15] and the transition line width meV [17] , [24] at K, the transition cross section is given by cm meV Â . Therefore, the gain in the optically pumped intersubband laser is proportional to the factor (4) in which only those terms relevant for this work (i.e., which can be varied by suitable tailoring of the QW profile) are retained. Furthermore, the dipole matrix elements in (4) are given by and the transition lifetime is the inverse of the total scattering rate:
. The acoustic phonon scattering rate is given by [10] (5) where conduction band deformation potential; elastic constant; Boltzmann's constant; phonon wavevector in the growth direction. For bulk-like polar optical phonon scattering, the Frölich interaction is used (6) with , where and denote the static and high-frequency permittivities of the AlGaAs alloy [25] . The values of and are taken to be constant throughout the structure. The function is the electron-phonon interaction overlap integral and is the Bose-Einstein distribution.
Maximization of the gain [i.e., the term , in (4)] may thus be accomplished via changing the QW profile which, in turn, changes the wavefunctions and, hence, all the terms on which depends. It should be noted that in the optically pumped laser, the condition has to be satisfied (for the pump to be absorbed), implying that the structure has to be asymmetric, i.e., the potential cannot be an even function of space coordinate, i.e., it requires QWs of different thickness. In addition, in order to obtain a population inversion with reasonable effort, the lower laser state should relax much faster than the upper one, which is achieved by choosing the lower laser level to be spaced by the polar optical phonon energy from the ground state ( meV in GaAs [26] ). These are the constraints imposed in the variation of the QW profile.
B. SUSYQM Addition of a Bound State
As noted in the Introduction, the variation of the potential is performed via the SUSYQM transform, which will modify the original potential (Hamiltonian) so to have a new bound state added, and also introduce a free parameter into the new Hamiltonian, enabling the potential shape to be varied in an isospectral manner. The description of how this technique is implemented is given next.
The motion of an electron with a constant effective mass , in the potential , is described by the Hamiltonian (7) with eigenenergies and eigenfunctions , where . This Hamiltonian may be factorized via d'Alambert operators [22] (8)
where the factorization state is taken at an energy , below the ground state energy ( ), exactly where a new bound state will be subsequently added. The operators and are mutually adjoint, and have the form (9) where is the superpotential (the solution of the Ricatti differential equation obtained from ) and reads (10) Now we start with the Hamiltonian , and want to add to its spectrum a bound state at an energy , while leaving all the existing bound states preserved. The following Hamiltonian in the hierarchy is constructed with the same operators as in the initial Hamiltonian (9) , and with the same factorization energy , but in reverse order: (11) and it has a real (physical) bound state at in its eigenspectrum. The normalized wavefunctions of the new Hamiltonian are given by (12) or, after performing the operator action (13) where is the Wronskian. In the case , however, the wavefunction (14) has to be normalized numerically. The potential energy corresponding to the new Hamiltonian is
For , , and to be free of singularities, it is necessary that never cross zero. The function may be written as (16) and if has no zeros, the integral remains finite for any value of . To ensure that, under this condition, also has no zeros, the free parameter should satisfy (17) By varying the parameter in the allowed range, one gets the family of isospectral potentials (18) which all have the energy spectrum identical to that of the initial potential , with an additional real state at . To make the function , which has no zeros, we write it as the linear combination of particular solutions of the Schrödinger equation (19) satisfying the boundary conditions and .
III. NUMERICAL RESULTS AND DISCUSSION
In order to demonstrate the procedure for the optimization of the QW shape (i.e., the gain maximization), we choose for the initial potential the family of Pöschl-Teller potentials (20) with the parameter . An advantage of this potential is that all of its eigenenergies are known analytically [27] , allowing one to relate the level spacings to the potential parameters. For instance, the spacing between the lowest two states (these will be the lower and upper laser state, if this QW is to be used for such a purpose) is in this work set to 80 meV, corresponding to the laser wavelength of m, so that meV equals the CO pump laser photon energy. This requires the parameters and to be related as , where has to be 2 if the well is to accommodate at least two bound states (note that just two states, not three, suffice in this phase of design). By varying , therefore, one finds a family of potentials, of different shapes, but with fixed. Tuning of the QW ground state, so that it is spaced by one optical phonon energy from the lower laser state and by the pump photon energy ( meV) from the upper laser state, was performed by actually adding such a state at , using SUSYQM. Particular solutions were found for the Schrödinger equation with the potential at an energy which is not its eigenenergy, as described above, and the new potential could be further varied (asymmetrized to have ) by varying the constant . This procedure was repeated for the whole family of Pöschl-Teller potentials, i.e., corresponding to different values of the parameter (with the constraint that is fixed, as noted above). Thus, the ( , ) parameter space could be searched for the maximum of the product , Fig. 1 .
After performing this search, we find that the parameter values and provide the maximal value of psÅ , and the corresponding SUSY potential is given by solid line in Fig. 2 . This optimized exceeds by about 50% the value obtained in the ACQW system [19] , [20] . The truly smooth optimal potential cannot be realized, however, so we have discretized it, choosing the step size of three crystalline monolayers ( Åi n AlGaAs). The profile of this step-graded QW is also given in Fig. 2 . This discretization slightly changes the parameters obtained within the smooth-potential model, and next we give both sets, with the values in brackets corresponding to the discretized case. We note that, consistent with the notation used in the SUSYQM considerations, is the ground state, introduced by the SUSYQM procedure, while and are the already existing lower and upper laser states. Only later on, when further manipulating the optimized potential to get profiles not directly delivered by SUSYQM, will we switch to the more conventional labeling of states with the subscripts 1, 2, and 3. Thus, the dipole matrix elements in the optimized QW amount to Å and Å. Fig. 2 . SUSY-optimized QW profile U (z) and its discretized version with three-monolayers-wide steps. The potential U (z) is obtained by starting with symmetric Pöschel-Teller potential V (z), also depicted (dotted) with its eigenstates E and E . These two are simultaneously the excited eigenstates of the potential U (z), while its ground state E results from the SUSY mapping procedure. Carrier relaxation times were calculated using the expressions for bulk-like polar optical and acoustical phonon scattering (given in Table I ), within the parabolic approximation (Section II-A), and amount to , , , and ps. Certainly, since the SUSYQM procedure was used, the interlevel spacings are exactly as required, i.e., and meV, with the energies of the three states individually being , , and meV. The modal gain which could be obtained in such an optimized structure at K exceeds ( cm ) for pump powers 500 kW cm .
An alternative route to approximate realization of the optimal smooth potential is to start with a structure which has a small number of layers and use the interdiffusion process. In the course of post-growth heat treatment of (typically) initially stepwise-constant QW structures, the constituent materials diffuse toward smoothed profiles, hence changing the potential, wavefunctions, and energies. This technique has been successfully employed for tuning the wavelength of AlGaAs-based intersubband infrared photodetectors [28] , or for tuning the polarization properties of interband lasers based on a more complex, 4-atomic-species system [29] . Here, we demonstrate that it is possible to use this technique to generate QW profiles resembling those derived as optimal for the laser.
Consider a structure made of layers of Al Ga As with an Al mole fraction in each layer (constant within a layer), embedded in bulk of the composition on the left and on the right of the multilayer stack. In a specified coordinate system, the left boundary of th layer is denoted as , and the right boundary as (i.e., the width of th layer is ). Starting with this stepwise-constant profile, due to the interdiffusion by thermal annealing at constant temperature, the profile will change in time according to [28] - [30] ( 21) where -diffusion length; diffusion coefficient, which depends on the annealing temperature (this dependence is given in [30] for the AlGaAs system); annealing time. Note that the influence of temperature (via the coefficient ) and time is, in the case of the AlGaAs system, grouped into a single parameter , but in 4-component systems, these would come in independently. The question is then, given the desired profile , how can one design the initial structure, i.e., choose the widths and compositions of inner layers, so that after the interdiffusion (specified by the additional free parameter ) the resulting profile is as close as possible to . For an -layer structure, there are thus free parameters, while the bulk compositions on the left and right are actually fixed by itself. For whatever finite , it is generally impossible to get the full coincidence of the two profiles, but good agreements may be obtained by fitting.
We have attempted to design a good initial structure with just inner layers which, after interdiffusion, will reproduce the optimal potential to a good accuracy. Thus, we found that the structure Al Ga As (53.705 Å 19 m.l.)-Al Ga As (50.879 Å 18 m.l.)-GaAs (42.399 Å 15 m.l.)-embedded in Al Ga As outer barriers bulk (Fig. 3) , after the interdiffusion characterized by Å , delivers the profile maximally similar to the target, SUSYQM-optimized profile, both being also given in Fig. 3 . This was the best that could be obtained from the three-layer initial structures. Certainly, even better fits could be obtained with larger , but we wanted to keep the initially grown structure as simple as possible. Yet, checking various relevant quantities corresponding to the interdiffused profile, shows that is quite good: and Fig. 3 . Profile of the initial stepwise-constant three-layer structure used for interdiffusion, and the profile generated by it (solid line). The target, SUSYQM-optimized potential is also displayed (dashed line). meV, and Å, , , , and ps. That is, starting with the simple three-layer structure and performing the interdiffusion will deliver the gain parameter ps Å rather close to the value corresponding to the SUSYQM-optimized profile. The modal gain at K in it exceeds ( cm ) for the pump power 500 kW cm . Returning to the discretization of the smooth optimal potential, and not relying on the interdiffusion, various coarse discretizations may be employed which will make the structure more or less easily realizable. Yet, the states energies will then become more remote from the designed values, and some fine tuning of layers widths and potential heights may be needed. At this point, however, one may take account of various, relatively small but not negligible, effects that would be extremely difficult to handle by the SUSYQM directly. Here, we have taken into account the position-dependent effective mass, and the self-consistent potential. The latter is calculated by iteratively solving the Schrödinger and Poisson equations [31] . Thus, we have designed a five-layer structure: Al Ga As (18 Å)-Al Ga As (45 Å)-Al Ga As (44 Å)-GaAs (51 Å)-Al Ga As (30 Å), embedded in Al Ga As outer barrier bulk, Fig. 4 . Modulation doping to cm is assumed, the doped region being 50 Å wide and 60 Å away from the QW boundary. The energy spacings in this structure (at ) amount to and meV, and the Fermi level is 9.1 meV above the ground state. At K the ratio of carrier densities on the ground and the lower laser state is . The dipole matrix elements in this structure are calculated to be and Å, the relaxation times are , , , and ps, and the gain parameter is psÅ . The modal gain would, thus, exceed ( cm ) at the pump intensity kWcm and K. The gain saturation starts at pump intensities MWcm , the saturated modal gain being . By further variation of the above system, i.e., by reducing the spacing between the two wells and, hence, obtaining a stronger coupling of the states and , one can achieve even smaller ps, for which the saturated gain would be as large as . We should also note that, in an ACQW structure, optimized according to the gain/loss criterium (see [19] and [20] for details), one finds Å, Å, ps, ps, and ps; hence, (in this structure, the transition was set to 39 meV in order to decrease the thermal population of the lower laser state and improve the system dynamics). Therefore, this structure has about a 26% smaller modal gain than the final structure presented in this work.
As for the comparison of the performance of various complex structures described in this work, against that of the conventional three-layer stepwise-constant profile QW, it is relatively straightforward to show that the latter does not have the optimal shape for the optically pumped laser. Here we start with an ACQW (with meV and meV) and subject it to a fully isospectral SUSYQM transform, as in [32] , rather than to the state-adding transform used in this work. By varying the transform parameter , we find the optimal value , which gives the value of the product psÅ , i.e., about 33% better result than W , indicating these are reasonable estimates. The displayed error bars apply for any k , because they originate from the k -independent term in (6).
was obtained in the initial ACQW in which psÅ (Fig. 5) . In terms of gain obtainable at the same pump power (500 kWcm ) and carrier density, the SUSY optimized well has ( cm ), i.e., 30% more than ( cm ) in the initial QW. Yet, this profile, displayed in the inset of Fig. 5 is clearly very difficult to realize. It should be noted that the gain values stated in this paragraph are somewhat overestimated because the small constant effective mass , corresponding to GaAs, was used in the calculation, which is good enough for the purpose of comparison (for other step graded structures in this paper we used the real, Al mole fraction-dependent electron effective mass).
The electron scattering rates depend on the in-plane wavevector , though this is significant mostly for the transition between the lowest two states, spaced by the optical phonon energy (cf. Fig. 6 ). Because of low operating temperatures, we have used here the values corresponding to in gain calculations. At high pump intensities, as was shown in [16] - [18] , considerable electron heating may occur (with different electron temperatures in each subband). Under such conditions, or simply at higher temperatures or larger doping densities, when a considerable fraction of the total carrier density also resides in states with larger , it may be necessary to use the appropriate averages of the scattering rates in Fig. 6 . It is then that the fully self-consistent optimization, specific to the chosen carrier density, should be performed. In this work, however, we aimed at optimizing the laser profile for the case of a pump not too strong when these effects could be neglected.
At the end of this section, we will briefly discuss the confidence limits of the obtained results, in view of the fact that there is a bit of a spread of values of various material parameters in the literature, e.g., [26] , [33] - [35] , and a considerably larger spread of the values of the transition linewidth , e.g., [17] , [35] , [24] .
A brief analysis of the gain expression, accounting for the actual spread of various parameters, indicates that the uncertainty of the absolute value of gain is mostly determined by the uncertainty of . The first term comes in via the relaxation rate , and results in error bars given in Fig. 6 , so the results we stated above are safely inside the uncertainty window. Certainly, these considerations are relevant for the absolute value of gain, not for relative comparison of different designs. In reality, however, the value of appears to be much more uncertain, strongly depending on the structure quality. The value used here (and also in [17] , [24] , for similar type of structures) appears to be a quite conservative estimate, because smaller values (1-2 meV) are sometimes reported, e.g., [35] , and these would lead to an increase of gain by more than an order of magnitude, i.e., by a factor of 18; this is because individual cross sections would then each enlarge more than fourfold. An uncertainty as large as that is the reason that the parameter (itself not containing ) is a reasonable descriptor of the QW usefulness for laser, and was here used as the optimization target. Finally, it is also interesting to note the resemblance of the potential profiles derived here to the refractive index profiles in W-core fibers, e.g., [36] , though QWs are one-dimensional, while fibers have circular symmetry-the low potential (high refractive index) portions accumulate (guide) the major part of the wavefunction (light field).
IV. CONCLUSION
A systematic procedure was proposed for QW profile optimization to get maximal gain in an optically pumped intersubband QW laser. The procedure is based on SUSYQM, used to add a bound state below the spectral range of the initial potential, and also to enable shape variation (and asymmetrization) of the new potential. The transform parameter (and possibly additional parameters, if existing in the initial potential) is then varied to find the value(s) which maximize the target function. Since the obtained optimized potential is continuously varying, it remains to discretize it into a stepwise-constant form suitable for realization. This is done in the average-over-the-step-size fashion once the step size has been decided. Final minor corrections are made, if needed because of discretization, or in order to include other effects, like the self-consistent potential. The use of this method was demonstrated on the optimized design of the AlGaAs-based intersubband laser with the predicted results well exceeding the best values published in the literature.
